We analyze the large N supergravity descriptions of the class of type IIB models T-dual to elliptic type IIA brane configurations containing two orientifold 6-planes and up to two NS 5-branes. The T-dual IIB configurations contain N D3-branes in the background of an orientifold 7-plane and, in some models, a Z Z 2 orbifold and/or D7-branes, which give rise to four-dimensional N = 2 (or N = 4) gauge theories with at most two factors. We identify the chiral primary states of the supergravity theories, and match them to gauge invariant operators of the corresponding superconformal theories using Maldacena's duality.
Introduction
Maldacena's duality conjecture [1] - [4] relating string theories on AdS space to conformal field theories on its boundary has proved to be extremely fruitful. The original conjecture involved the N = 4 supersymmetric SU(N ) gauge theory on the worldvolume of N D3-branes. In the large N limit, the near-horizon geometry of the D3-branes is AdS 5 × S 5 . Additional structures may be added to the background, leading to generalizations of the original proposal, where the worldvolume theory of D3-branes probing orbifold/orientifold backgrounds may be derived systematically using string-theoretic methods [5, 6] .
Orbifold theories that correspond to projections of the N = 4 SU(N ) theory by a discrete subgroup Γ of the SU(4) R-symmetry group have been considered in Refs. [7] - [10] . The resulting conformal field theories have either N = 0, 1, or 2 supersymmetries, and the gauge group is generically of the form i U(N i ). They are known to be dual to IIB string theory on AdS 5 ×S 5 /Γ.
The near-horizon description of conformal field theories arising from D3-branes in orientifold backgrounds has been considered in Refs. [11] - [16] . The resulting field theories are dual to string theory on AdS 5 × S 5 /G orient , where the geometric part of the orientifold group G orient is again a discrete subgroup of SU(4) R .
In this paper, we analyze the large N supergravity descriptions of the type IIB models T-dual to a class of elliptic type IIA brane configurations. This class of models contains two orientifold six-planes, N D4-branes, (possibly) D6-branes, and at most two NS 5-branes. The T-dual IIB configurations contain N D3-branes in the background of an orientifold 7-plane and (possibly) a Z Z 2 orbifold and/or D7-branes. The four-dimensional theories arising from the worldvolume dynamics of these configurations are N = 2 (or N = 4) superconformal gauge theories with simple gauge groups, or product groups with at most two factors. (The supergravity descriptions of the models in Sect. 3.1, 3.2, and 3.4 of this paper have been previously treated in Refs. [12] - [15] , and are included here so that comparisons can be made among this entire class of elliptic models.)
In Sect. 2, we review the details of the IIA and IIB configurations for this class of theories.
The large N supergravity description of these models is the subject of Sect. 3, in which we identify the spectrum of relevant and marginal chiral primary states belonging to each of these theories.
The AdS/CFT correspondence is used to match the chiral primary states of the supergravity description to gauge invariant operators of the corresponding superconformal theories.
Seiberg-Witten curves [17] for the Coulomb branch of the elliptic models considered in this paper have previously been obtained using M-theory methods [18] - [22] . These constructions involve deformations of the N = 4 superconformal field theories, in which the hypermultiplets are massive. A direct connection between the Seiberg-Witten and AdS/CFT descriptions of elliptic models is not yet evident, although the AdS/CFT correspondence has recently been generalized to non-conformal theories arising from relevant deformations [23, 24] .
Description of the models 2.1 Type IIA configurations
We begin by reviewing the configurations in Type IIA string theory that lead to orientifold elliptic models [18] - [22] . These configurations consist of NS 5-branes along 012345, D4-branes along 01236, D6-branes along 0123789, and orientifold six-planes (O6-planes) parallel to the D6-branes. The D4-branes have finite extent along x 6 , which is taken to be compact. This brane configuration generically leaves 1/4 of the original supersymmetries unbroken, so the effective four-dimensional theory living on the 0123 directions of the D4-branes has N = 2 supersymmetry.
Since the x 6 direction is compact, there are two O6-planes. As O6-planes carry ±4 units of RR charge (the corresponding planes will be denoted O6 ± ), there are a priori three possibilities to consider: O6 + -O6 + , O6 − -O6 − , and O6 + -O6 − . The first possibility cannot be realized without breaking supersymmetry, as cancellation of RR charge in the compact direction would require the introduction of anti D6-branes; we will not consider it further. The second possibility can be realized without breaking supersymmetry, which requires the presence of 4 D6-branes (plus mirrors) to ensure the cancellation of the RR charge; this condition is equivalent to the finiteness of the low-energy field theory on the D4-branes. Finally, in the third possibility, the cancellation of RR charge (or, equivalently, finiteness of the field theory) requires the absence of D6-branes. In this paper, we will be studying two different classes of models, corresponding to the configurations O6 − -O6 − (plus D6-branes) and O6 + -O6 − .
Spectra
The spectra of the effective field theories realized on the above configurations depends critically on the number and positions of the NS 5-branes. In this work we restrict ourselves to models with at most two NS 5-branes, corresponding to elliptic models with simple gauge groups or product gauge groups with no more than two factors. 2.a): SU(N ) + 2 + 4 . + -O6 − background.
3.a):
Figure 3 depicts models with 2 NS branes in an O6 + -O6 − background. As in the previous case, there are two possibilities to consider. The first one ( Fig. 3.a) gives rise to an N = 2 theory with gauge group SU(N ), a hypermultiplet in the symmetric representation , and a second hypermultiplet in the antisymmetric representation . In the second possibility ( Fig.   3 .b) we obtain an N = 2 theory with gauge group Sp(2N ) × SO(2N + 2) and a hypermultiplet in the bifundamental ( , ) representation, where the ranks of the factor groups are fixed by the finiteness of the theory. As in the Sp(2N ) × Sp(2N ) case, the NS 5-branes are free to move along the x 6 and x 10 directions, the motions corresponding in the field theory to marginal deformations changing the relative couplings and theta angles of the Sp (2N ) and SO(2N + 2) factors.
In all the cases discussed above, the beta functions for all the gauge groups vanish exactly.
Type IIB configurations
The T-dual type IIB description of the previous models has been systematically discussed by Park and Uranga [20] (see also Ref. [21] ), so we will limit ourselves to a brief summary of results, and refer the reader to the above papers for further details and references. In the Tdual description, all the above models are realized as the low-energy effective theory on a stack of type IIB D3-branes probing a certain mixed orbifold-orientifold background whose details depend on the original type IIA model. As a general rule, T-duality along x 6 maps NS 5-branes stretched along 012345 to a Z Z orb k orbifold acting on 6789, where k is the total number of NS 5-branes (counting mirrors) present in the type IIA configuration. The O6-planes become a single O7-plane, and the D6-branes, when present, become IIB D7-branes.
Let us now consider in turn the T-dual descriptions of the type IIA configurations shown in each of the figures above.
1.a-b)
For the general case of k NS 5-branes in an O6 + -O6 − background, Park and Uranga [20] (see also Ref. [25] ) have given the T-dual description as a stack of D3 branes probing an O7 background with the orientifold group
where the Z Z orb k generator θ acts on z 1 = x 6 + ix 7 and z 2 = x 8 + ix 9 as
and
where Ω is the world-sheet parity operation, R 45 is a reflection in 45, and (−1) F L changes the sign of the Ramond sector of left-movers. Orientifold projections of this kind have been studied in Refs. [25] - [27] .
In figures 1.a and 1.b, there is only a single NS 5-brane (k = 1), so that the Z Z orb k orbifold is trivial (θ = 1). However, α = θ 1/2 ≡ R 6789 , so eq. (2.1) becomes
This is actually the orientifold group of an O3-plane extending along 0123 (parallel to the probe D3-branes), precisely the setup considered in Refs. [11, 12] . Although the two different IIA configurations in figs 1.a and 1.b appear to give rise to the same IIB configuration, these configurations are actually distinguished by the background values of the two-form fields [12] .
1.c) The T-dual of the configuration with k NS 5-branes in an O6 − -O6 − background contains D3-branes probing an O7-plane background with the orientifold group
with Z Z orb k and Ω ′ as defined above [20] . Orientifold projections of this kind have been considered in [5, 25, 26, 28] for the realization of six-dimensional theories.
In figure 1 .c, k = 1, so the Z Z orb k orbifold is again trivial, yielding the orientifold group
which corresponds to an O7-plane extending along 01236789. The background also contains 4 D7-branes (plus mirrors) parallel to the O7-plane, which give rise to the fundamental hypermultiplets of the field theory on the probe D3-branes. Figure 2 contains two NS 5-branes, so that the T-dual configuration consists of a stack of D3-branes in the background of the orientifold (2.4) with k = 2: projection on the D7 brane states. As pointed out in Ref. [20] , and previously discussed in connection with Type I and six-dimensional IIB models T-dual to those considered here [28, 29, 30] , Ω ′ acts with an additional minus sign on the Z Z orb 2 twisted sector of model 2.b (corresponding, in the Type I context, to models with vector structure; the other possibility, leading to model 2.a, being related in the Type I context to models without vector structure [27] .) Equivalently, there are two alternative (and inequivalent) choices for the Chan-Paton factors, each of which corresponds, in the type IIB context, to each of the Type IIA configurations [20] .
2.a-b)
3.a-b) In figure 3 , there are two NS branes (k = 2), so the orientifold group (2.1) becomes [31] , which corresponds to the SU(4) R R-symmetry of the N = 4 theory. There are three scalar families in the supergravity spectrum containing states with zero or negative mass, summarized in Table 2 (adapted from Ref. [13] ): Here m 2 = (∆ − p)(∆ + p − d) for a p-form state on AdS d+1 with AdS mass m coupling (in the sense of Witten [3] ) to an operator of dimension ∆ of the boundary N = 4 theory. There is also one family of vector fields that contains massless states (at level k = 1 in Table 3 ).
15, 64, 175, . . . graviton + 4-form These k = 1 massless vector states transform in the adjoint of SU(4) R and couple to the SU(4) R R-symmetry currents (with ∆ = 3) of the N = 4 theory.
In section 2, we described a number of N = 4 or N = 2 superconformal theories propagating in the world-volume of brane configurations involving orientifold planes. If the fixed-point set is empty (as, for example, in the N = 4 SO(N ) and Sp(2N ) theories), the spectrum of the theory only contains states in (i), and is a subset of the AdS 5 × S 5 spectrum.
An alternative approach [14] , which we will not follow in this paper, is to derive the part of the spectrum coming from the AdS 5 supergravity modes by diagonalizing the linearized equations of motion of the supergravity fields on the compact space S 5 /G orient . The equations for the scalar modes turn out to be Laplace equations on S 5 /G orient , easily written down once the corresponding metric is known. In all the cases considered in this paper, the near-horizon limit of the D3-brane metric is similar to the AdS 5 × S 5 solution (see for example [13] , Eq. (13)), but with the metric d Ω 5 2 of the compact space S 5 /G orient given by the angular part of
where the coordinates z 1 = x 6 + ix 7 , z 2 = x 8 + ix 9 , w = x 4 + ix 5 are subject to various identifications which depend on the form of G orient . In the near horizon limit the geometry becomes AdS 5 × S 5 /Z Z 2 , where the geometric part of the Z Z 2 action on S 5 is the same as the action of (3.2) on the angular part of the transverse IR 6 . Since S 5 with such a Z Z 2 action is actually IRP 5 , the Sp(2N ) and SO(N ) theories are dual to string theory on AdS 5 × IRP 5 [12] . Further, the Z Z 2 action has no fixed points on S 5 , so the supergravity spectrum is simply a truncation of that for the N = 4 SU(N ) theory, which can be easily determined as follows. The isometry group of S 5 is SO(6) ≃ SU(4) R , which is also the R-symmetry group of the N = 4 SU(N ) theory. The coordinates x 4, 5, 6, 7, 8, 9 transform in the 6 of SU(4) R , so the Z Z 2 action (3.2) is actually a Z Z 4 in the center of SU(4) R (it acts as i1 1 on the 4). In addition, the Ω(−1) F L piece of the orientifold group acts with an additional minus sign on the states coming from the ten-dimensional second-rank antisymmetric tensors, leaving all other states invariant. Therefore, the spectrum consists of those states in Table 2 invariant under the combination of Z Z 4 and Ω(−1) F L , which are listed in Table 4 . Table 4 : Scalars in chiral primary representations of N = 4 Sp(2N ) and SO(N ) [12, 4] . I j is an index in the 6 of SU(4) R , and tr (φ {I1 · · · φ I 2k } ) denotes the symmetric traceless product of 6's; e.g., tr (φ
Sp(2N) + 1 antisymmetric + 4 fundamental hypermultiplets
The N = 2 Sp(2N ) theory with 1 antisymmetric and 4 fundamental hypermultiplets (all massless) arises as the effective theory on N D3-branes probing the F-theory background first discussed by Sen [32] . This model has been much studied both from the field theory [33] - [35] and dual supergravity [13, 14] viewpoints. The analysis of the AdS/CFT correspondence in Refs. [13, 14, 20] is already very complete, so we limit ourselves to a brief review of the results.
In Sect. 2.2 we found the orientifold group to be to the D3-branes, which becomes S 3 ⊂ S 5 in the near-horizon geometry.
In the near-horizon limit the metric for the probe D3-branes looks like
with the metric of the compact space given by
where we have used the following parametrization: On the field theory side, SU(2
is the flavor group of the hypermultiplet in the antisymmetric representation, as we will explain further below.
The supergravity spectrum consists of (a) the Z Z orient (a) Bulk sector:
To find the Z Z orient 2 -invariant states of the AdS 5 × S 5 spectrum, one decomposes the SU(4) R representations in Table 2 into representations (
d L and d R are the dimensions of the SU(2) L and SU(2) R representations, and q R is the U(1) R charge of the state, normalized such that w has q R = 2. (Table 5 lists the relevant branching rules.) Each state gets a phase e iπq R /2 under G orient , so the invariant states for representations in the first and third lines of Table 2 are those with q R = 0 mod 4. The orientifold acts with an additional minus sign on states in the second line of Table 2 because of the action of Ω(−1) F L on the ten-dimensional two-form fields. Thus, for these states, the selection rule is q R = 2 mod 4.
Of the surviving states, only those satisfying the relation [36] 
where ∆ is the dimension of the corresponding operator in the CFT, are (dual to) chiral primaries of the conformal field theory. The results are summarized in Table 6 . 
(b) D7-brane sector:
The spectrum of chiral primaries coming from the D7-branes consists of the KK reduction of the eight-dimensional N = 1 vector multiplet [14] , subject to the constraint (3.6). These states form representations of the gauge group on the D7-branes, which becomes the flavor symmetry group G 7 of the hypermultiplets in the fundamental representation of the four-dimensional gauge group.
In the present case G 7 = SO(8), as appropriate for an Sp(2N ) theory with four hypermultiplets in the fundamental representation. We postpone the detailed analysis of the D7-brane sector until we study the SU(N ) + 2 + 4 theory, and will just include the resulting chiral primary states in Table 6 . The last column of Table 6 lists the CFT operators that correspond to the supergravity states [13, 14] . These operators are written as products of fields of the perturbative Sp(2N ) + worldvolume theory, which contains an N = 2 vector multiplet in the adjoint representation, and one antisymmetric and four fundamental N = 2 hypermultiplets. Each of these N = 2 multiplets consists of several SU(2) R representations, with definite scaling dimension ∆. For example, the vector multiplet contains the scalar field Φ, and the vector field A µ , both in SU(2) R singlets, and the Weyl fermions (λ, ψ) in an SU(2) R doublet. Those SU(2) R multiplets comprising the chiral primary operators in Table 6 are listed in Table 7 . In all our tables, only the indices for the SU(2) L and SO (8) 
where Φ b c is a chiral superfield in the adjoint of Sp(2N ). This superpotential has an obvious U (1) L symmetry acting as A → e iα A,Ã → e −iαÃ , Φ → Φ, which is the expected flavor symmetry of a single hypermultiplet. However, as the antisymmetric representation of Sp(2N ) is selfconjugate, we can actually define two chiral superfields A 1ab ≡ A ab and A 2ab ≡ J ac J bdÃ cd , both transforming in the antisymmetric representation. In terms of these new fields the superpotential reads 
where Z Z orb This fixed-point set of G orient becomes S 1 ∪ S 3 ⊂ S 5 in the near-horizon limit.
In the near horizon-limit the space-time changes to
, with the metric of the compact space given by 10) which is the angular part of the (flat) orbifold metric
with the orbifold actions w 
. This is the only part of the full global symmetry group of the worldvolume theory, (a) Bulk sector:
The bulk spectrum is obtained from the IIB spectrum on AdS 5 × S 5 (Tables 2 and 3) by
coincides with the center of SU(2) L , so evendimensional representations are odd under Z Z orb 2 , while odd-dimensional representations are even.
acts on fields with U(1) R charge q R as e iπq R /2 , with an additional minus sign for states arising from ten-dimensional two-form fields. States must be invariant under both of these actions.
(1) Scalar modes:
Consider, for example, the supergravity scalar mode with m 2 = −4 in the 20 ′ of SU(4) R , which couples to a ∆ = 2 operator on the boundary. Under the branching SO(6) → SU(2) L ×SU(2) R × U(1) R , this representation decomposes as (see Table 5 ) Proceeding similarly for the ∆ = 4 states, one finds the results summarized in Table 9 .
(2) Vector modes:
This set of modes is relevant because the corresponding operators couple to the conserved SU(2) L × SU(2) R × U(1) R currents of the boundary CFT. The massless vector mode in the 15 of SO(6) (in Table 3 ) couples to the ∆ = 3 SU(4) R current in the N = 4 boundary theory. It decomposes into 17) and, after the G orient projection, we end up with three currents (1, 1) 0 , (1, 3) twisted sector:
The twisted sector of Z Z orb 2 gives rise, in the near-horizon limit, to a set of states supported on
action. Gukov and Kapustin [15] , using previous results in Ref. [10] , have studied the corresponding sector of the cousin Sp(2N )×Sp (2N ) theory (see Sect. 3.4 below), so we will follow their analysis closely.
Recall that the fixed-point set of Z Z orb 2 , which in the near-horizon limit looks like (4) is the rotation group in C 2 6789 . In terms of these groups, the tensor multiplet in the twisted sector contains the (bosonic) fields listed in Table 8 . There are two inequivalent ways to perform the Ω projection in the above setup. In the first one, leading to theories with vector structure, Ω acts with an additional minus sign on the twisted sector of Z Z orb 2 . The Ω projection breaks the (2, 0) tensor multiplet into a (1, 0) tensor multiplet and a (1, 0) hypermultiplet, and projects out the hypermultiplet. The remaining (1, 0) tensor multiplet corresponds to the twisted sector of the Sp(2N ) × Sp(2N ) theory in the double T-dual IIB configuration. In the second possibility Ω acts without the extra minus sign (and thus projects out the (1, 0) tensor multiplet, keeping the hypermultiplet), leading to a model without vector structure which is T-dual to the SU(N ) + 2 + 4 theory.
Going back to our IIB setup, we need only perform the KK reduction of the (2, 0) tensor multiplet on S 1 and then project by Z Z orient 2 . The reduction on S 1 gives an additional U(1) R symmetry (coming from rotations of the circle), with a state of KK momentum ℓ ∈ Z Z carrying U(1) R charge q R = 2ℓ [10, 15] . Reducing the (2, 0) tensor multiplet in Table 8 on S 1 , we obtain the following states [10, 15] : These obey the constraint (3.6) and so correspond to chiral primary operators.
The pair of scalars (1, 1; 1, 1) and (1, 1; 1, 1) coming from the ten-dimensional 2-forms give rise to two families of KK states with quantum numbers (1, 1) 2ℓ : .
. . (3.19) (2) Vector modes:
By naive dimensional reduction on S 1 we would expect to obtain a vector state from the 2-form (3, 1; 1, 1). This is indeed the case [15] , but only for zero KK momentum (ℓ = 0). The resulting state is a massless vector with quantum numbers (1,
projection. This massless vector state couples to a ∆ = 3 conserved current on the boundary, which we can identify with the U(1) L current that was missing from the bulk sector.
(c) D7-brane sector:
The AdS compactifications of Type IIB string theory T-dual to Type IIA O6 − -O6 − configurations include, as described above, 8 D7-branes with world-volume AdS 5 × S 3 , where
The low-energy excitations on these 7-branes comprise a 7 + 1 dimensional N = 1 vector multiplet with a gauge group G 7 ⊂ U(8) that depends on the details of G orient . As explained in Ref. [14] , the supergravity spectrum includes the KK modes of this vector multiplet on AdS 5 × S 3 , which are dual to primary operators of the CFT charged under the global 3 symmetry group G 7 .
The 7-brane spectrum for the Sp(2N ) + + 4 theory (which has G 7 = SO(8)) has been computed in Ref. [14] , and for the Sp(2N ) × Sp(2N ) theory (which has G 7 = SO(4) × SO(4)) in
Ref. [15] . In the latter case, as in the SU(N ) + 2 + 4 theory that we are now considering (which has G 7 = U(4)), the spectrum is the Z Z orb 2 projection of the G 7 = SO (8) projection on the 7-brane worldvolume theory that is best described in terms of the action of the corresponding projection matrix γ Ω ′ 7 on the Chan-Paton factors of the 77 strings. Gimon and Polchinski [5] have found (in the T-dual Type I setup) 
from which it follows that M is an antisymmetric 8 × 8 matrix which can be parametrized as
where a 1 , a 2 are 4×4 antisymmetric matrices and b is a 4×4 matrix, giving a total of 6+6+16 = 28 independent real coefficients, as appropriate for SO (8) . In the present case the appropriate matrix is the second one, which enforces on M (3.22) the projection
where a is a 4 × 4 antisymmetric matrix, and s is a 4 × 4 symmetric matrix, giving a total of We now have to project by Z Z orb 2 , which acts on the above states according to their SU(2) L representation (such that odd-dimensional representation are even, while even-dimensional representation are odd) and also as a conjugation by γ SU θ7 . As explained above, this breaks SO (8) The chiral primaries operators with ∆ ≤ 4 from all the sectors are compiled in Table 9; anti-chiral primary operators are also present in the spectrum (and protected), and are complex conjugates of the chiral primaries. The last column of Table 9 lists the CFT operator that correspond to each supergravity state. 4 (As before, the highest component of each SU(2) R representation is listed.) The perturbative field theory description of the worldvolume SU(N ) + 2 + 4 theory includes an N = 2 vector multiplet in the adjoint representation and two antisymmetric and four fundamental N = 2 hypermultiplets. As described in the previous section, each of these N = 2 multiplets consists of several SU(2) R representations, with definite scaling dimension ∆. Those that comprise the chiral primary operators in Table 9 are listed in Table 10 below. 
The SU(2) L × U(1) L factor acts only on the two antisymmetric hypermultiplets, each of which comprises a pair of N = 1 chiral superfields in the antisymmetric and the complex conjugate antisymmetric representations respectively, which in obvious notation are
L is a flavor symmetry for the 2 antisymmetric hypermultiplets, as can be seen from the piece of the tree-level superpotential
involving the antisymmetric hypermultiplets. (As we are considering the semiclassical limit of the N = 2 theory, we need not worry about the fate of the superpotential in the strong-coupling regime.) SU(2) L arises as a geometric symmetry in the AdS picture, while U(1) L corresponds to the abelian massless vector we found in the twisted sector of the Z Z orb 2 . We can give tree-level mass terms to the 2 antisymmetric hypermultiplets as follows:
where each of the U(1)'s acts as follows [18, 19, 22] ) and µ = (m 1 + m 2 )/2 so that (3.30) becomes 33) where in the last line, we have lowered the SU(2) L indices with the ǫ tensor.
Returning to Table 9 , we find two relevant and one marginal deformations corresponding to the Coulomb branch moduli (the Casimirs tr Φ n , with n ≤ 4), and a relevant ∆ = 3 deformation corresponding to the gaugino condensate. We also find three relevant ∆ = 2 deformations containing the mass operators of the two antisymmetric hypermultiplets and the mass operator of the fundamental hypermultiplets. Comparing eq. (3.33) with Table 9 , we observe that the (3, 3) 0 operator arising from the bulk supergravity sector corresponds to a deformation of the global mass m, whereas the (1, 3) 0 operator arising from the twisted sector corresponds to a deformation of the average mass µ of the antisymmetric hypermultiplets. From field theory considerations, we should expect to find at least two marginal deformations with zero R-charge corresponding to the change of the gauge coupling and theta angle. Actually, these deformations correspond to a CFT complex scalar operator tr (F 2 + iF * F ), which is a descendant (hence not a chiral primary) of tr Φ 2 . On the supergravity side, this state is a singlet of SU(4) R with ∆ = 4 and m 2 = 0, which survives the G orient projection but is not a chiral primary.
Finally, Table 11 contains a summary of the massless vector states we have found, which couple to the ∆ = 3 (conserved) currents of the full global symmetry group. Notice that a (1, 1) 0 massless vector state in the adjoint of SU(4) F × U(1) B in the D7-brane sector survives the Z Z orb 2 projection, and couples to the SU(4) F × U(1) B flavor current of the boundary CFT. 
Sp(2N) × Sp(2N) + 1 bifundamental + 4 fundamental hypermultiplets
The analysis of the Sp(2N ) 1 × Sp(2N ) 2 theory with hypermultiplet content ( 1 , 2 ) ⊕ 2 1 ⊕ 2 2 proceeds in parallel with the SU(N ) + 2 + 4 theory, as they both share the same IIB background (with a few differences, discussed in the previous section, that serve to distinguish the two). Gukov and Kapustin [15] have analyzed this theory in detail, so we will just review their results and make a few remarks to complete and clarify them.
The orientifold group and metric are the same as in Sect. 3.3 (see Eqs. (3.9) and (3.10)).
As before, Z Z orb 2 fixes a six-dimensional hyperplane, while Z Z orient 2 fixes an eight-dimensional hyperplane. The fixed-point set becomes S 1 ∪ S 3 ⊂ S 5 in the near-horizon limit. The global symmetry group, however, is different (4), (3.34) and reflects the differences between the two cases. The SO(4) × SO(4) factor, which emerges in the brane configuration as the gauge group on the D7-branes, is the flavor symmetry of the fundamental hypermultiplets, two for each Sp(2N ) factor (the enhancement from SU(2) to SO (4) for self-conjugate representations was described in Sect. 3.2). The SU(2) L factor is the flavor symmetry of the bifundamental hypermultiplet, as explained below. Note that the geometric part of the global symmetry, namely, SU(2) L × SU(2) R × U(1) R , is the same in both cases, a natural result given that both theories have the same geometric description 5 .
As in the previous section, the supergravity spectrum consists of three sectors:
(a) Bulk sector:
This sector consists of AdS 5 × S 5 supergravity states invariant under Z Z orb 2 × Z Z orient
2
, and is identical to that in the SU(N ) + 2 + 4 theory, although the field theory interpretation of the resulting states obviously differs (see Table 12 ). . This is identical to the previous section, except that Z Z orient 2 acts on this sector with an additional minus sign.
Recall that the triplet of scalars (1, 1; 1, 3) gave rise upon KK reduction on S 1 to a tower of SU(2) R triplets (1, 3) 2ℓ , ℓ ≥ 0, with m 2 = ℓ 2 − 4. Taking into account the extra minus sign, Ω ′ now acts as e iπ(q R /2+1) = e iπ(ℓ+1) , leaving only states with q R = 2 mod 4 or ℓ = 1 mod 2:
The scalars (1, 1; 1, 1) gave rise to states (1, 1) 2ℓ , ℓ ≥ 2, with m 2 = ℓ 2 − 4ℓ, which satisfy the constraint (3.6) . Ω ′ acts on these states as e iπq R /2 = e iπℓ , which includes the extra minus sign coming from Ω(−1) F L . Only states with q R = 0 mod 4, or ℓ = 0 mod 2, survive:
We include these states in Table 12 below. These results are summarized in Table 12 . Table 12 : Scalars with ∆ ≤ 4 in chiral primary representations of
The last column of Table 12 lists the CFT operators that correspond to the supergravity states. The operators are written as products of fields in the perturbative Sp(2N ) × Sp(2N ) worldvolume theory, listed in Table 13 . (It is difficult to specify the CFT operators unambiguously without explicitly writing all the gauge theory indices; instead, we adopt a slightly schematic notation, in which J 1 and J 2 denote the invariant antisymmetric tensor of Sp(2N ), acting on the indices of the first and second factor of the gauge group respectively.) 
The SU(2) L factor of the global symmetry corresponds to the flavor symmetry of the bifundamental hypermultiplet. The explanation is similar to that in the Sp(2N ) + + 4 case.
The bifundamental hypermultiplet contains chiral superfields B a 1 a 2 in the ( 1 , 2 ) andB a 1 a 2 in the ( 1 , 2 ) of Sp(2N ) 1 × Sp(2N ) 2 . The piece of the N = 2 superpotential involving the first Sp(2N ) factor, say, isB
where Φ a 1 b 1 is a chiral superfield in the adjoint of Sp(2N ) 1 . We can define two chiral superfields
, both transforming as ( 1 , 2 ). In terms of these new fields the superpotential reads 
SU(N) + 1 antisymmetric + 1 symmetric hypermultiplet
We now move on to the models coming from the Type IIA O6 + -O6 − configuration. As in the O6 − -O6 − case, we obtain two theories with almost the same IIB description, namely SU(N ) with symmetric and antisymmetric hypermultiplets, and Sp(2N ) × SO(2N + 2) with a bifundamental hypermultiplet. In the near-horizon supergravity description, both theories share the same bulk sector, and are only distinguished by the twisted sector of the Z Z orb 2 orbifold T-dual to the NS 5-branes. From Sect. 2.2, we recall that the orientifold group is
where, as in previous cases, Ω ′ = R 45 Ω (−1) F L , and Z Z orb 2 = {1 1, α 2 }, with α 2 = R 6789 . G orient is actually a Z Z 4 group with elements {1 1, αΩ ′ , α 2 , α 3 Ω ′ }. Although (3.40) is superficially analogous to the orientifold group of the O6 − -O6 − models, the relevant fixed-point set of the G orient action reduces in this case to the six-dimensional hyperplane x 6 = x 7 = x 8 = x 9 = 0 left fixed by Z Z orb 2 , as the orientifold factor αΩ ′ only fixes the origin of the space transverse to the D3-branes, x 4 = x 5 = x 6 = x 7 = x 8 = x 9 = 0, which does not give any contribution in the near-horizon limit. This is as expected, however, as we know that the T-dual of the O6 + -O6 − configuration contains no D7-branes, which would be present had there been non-trivial fixed points associated with the Ω ′ action.
In the near-horizon limit the space-time geometry is AdS 5 × S 5 /G orient , with the following metric for the compact space
The isometry group of the above metric is a quotient of U(1) 
, where q L = ±2, 0 for the 3, ±4, ±2, 0 for the 5, and so on, so that on SO(3) L representations α acts as ±1. This immediately suggests an alternative way to regard G orient that will prove useful in understanding the twisted sector of the spectrum, namely, to consider
In other words, we mod out in two stages, first by Z Z orb 2 , and then by αΩ ′ . Both approaches give the same result for the bulk sector, while the second one makes the analysis of the twisted sector straightforward.
Finally, R 45 acts on states with U(1) R charge q R as e iπq R /2 . It is important to keep in mind when performing the projection that G orient has a single generator αΩ ′ (and will therefore constrain the allowed values of q L + q R ). This differs from the projection in the SU(N ) + 2 + 4 or Sp(2N ) × Sp(2N ) cases, in which the orbifold and orientifold factors act independently, so that the SU(2) L representation and U(1) R charges of the states that survive the projection obey independent constraints.
The supergravity spectrum includes states from two sectors: (a) the bulk sector, consisting of AdS 5 ×S 5 supergravity states invariant under G orient , and (b) the Z Z orb 2 twisted sector, containing states twisted with respect to α 2 , and modded further by αΩ ′ .
(a) Bulk sector:
The strategy to follow is essentially the same as in the SU(N ) + 2 + 4 case, but with a few differences that we will illustrate with two examples.
Consider first the supergravity mode with m 2 = −4 in the 20 ′ of SU(4) R , which couples to a ∆ = 2 operator on the boundary. Under the branching SO(6) → SU(2) L × SU(2) R × U(1) R , this representation decomposes as (see Table 5 ) Proceeding in this way, one finds the results summarized in Table 14 .
Start with the massless vector mode in the 15 of SO(6) (see Table 3 ), which couples to the ∆ = 3 SU(4) R current on the boundary. Given the branching
we see that α 2 projects out the (2, 2) ±2 , while the αΩ ′ projection leaves three massless vector
twisted sector:
As in the SU(N ) + 2 + 4 or Sp(2N ) × Sp(2N ) cases, we start with the Type IIB theory on
The twisted sector consists of a (2, 0) d = 6 tensor multiplet, which we have to mod out by αΩ ′ . The tensor multiplet is a singlet under SU(2) L (see Table 8 ), and therefore insensitive to the action of α, so we only have to project by Ω ′ , exactly as in the SU(N ) + 2 + 4 or Sp(2N )×Sp(2N ) cases. As in those cases, there are two different ways to perform the projection [20] . The projection giving the Sp(2N )×SO(2N +2) twisted sector (which is the same as that for Sp(2N ) × Sp(2N ) ) has an extra minus sign relative to that giving the SU(N ) + + twisted sector (which is the same as that of SU(N )+2 +4 ). We have come to the conclusion that the contribution to the supergravity spectrum of the Z Z orb The results are summarized in Table 14 . The last column of Table 14 lists the CFT operators that we conjecture correspond to the supergravity states (see the discussion below). The operators are written as products of fields in the perturbative SU(N ) + + worldvolume theory, listed in Table 15 .
∆ SU(N ) SU(2) R × U(1) R × U(1) L U(1) L CFT field A → e iα AÃ → e −iαÃ A → e iβ AÃ → e −iβÃ S → e −iα SS → e iαS S → e iβ SS → e −iβS (3.52) which we include in Table 15 .
Further, based on analogy with the SU(N ) + 2 + 4 theory, it seems reasonable to identify the operator corresponding to deformation of the global mass,ÃA−SS, with the 3 0 0 supergravity operator in the bulk sector, and the operator corresponding to deformation of the average mass µ of the hypermultiplets,ÃA +SS, with the 3 0 0 supergravity operator in the twisted sector.
This assignment, however, can only be regarded as conjectural. (Similar remarks hold for some of the other entries of Table 14 .)
Sp(2N) × SO(2N + 2) + 1 bifundamental hypermultiplet
The analysis of the N = 2 Sp(2N ) × SO(2N + 2) theory with one bifundamental hypermultiplet proceeds in parallel with the previous one, as they both share the same IIB background (with a few differences that we have already discussed which serve to distinguish the two).
The orientifold group and metric are the same as in the previous case (see Eqs. (3.40) and (3.41)). As before, there is a six-dimensional hyperplane left fixed by the G orient , which becomes AdS 5 × S 1 in the near-horizon limit.
The supergravity spectrum consists of two sectors:
This sector consists of AdS 5 ×S 5 supergravity states invariant under the orientifold group (3.40),
and is identical to that in the SU(N ) + + theory, although the field theory interpretation of the resulting states obviously differs (see Table 16 ). As α acts trivially on the tensor multiplet, which is an SU(2) L singlet, we need only project
by Ω ′ . This sector is therefore identical to that in the Sp(2N ) × Sp(2N ) theory (at least for large N ). Recall that Ω ′ acts on the twisted sector with an additional minus sign relative to the SU(N ) + 2 + 4 or SU(N ) + + theories.
The spectrum of scalars with ∆ ≤ 4 in chiral primary representations is summarized in Table   16 . The last column of Table 16 lists the CFT operators that correspond to the supergravity states. The operators are written as products of fields in the perturbative Sp(2N ) × SO(2N + 2)
worldvolume theory, listed in Table 17 . As in the previous section, in many cases there are several different CFT operators with the correct quantum numbers to match the supergravity states, and we do not even attempt to resolve the ambiguities. 
